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Density functional theory has been used to study the electronic structure and binding of NaN clusters
(N<30) encapsulated inside the large fullerene C240. One or more electrons are always transferred from the
endohedral NaN to the cage. The charge density distribution reveals that for smallN the binding between
NaN and the fullerene is purely ionic, and that forN.9 a covalent contribution to the bonding develops,
enhanced by the expansion of the endohedral NaN. The evolution of the type of bonding with increasingN is
analyzed by comparing the size variations of the binding energy and the ionization potential of the NaN

clusters.@S0163-1829~96!03723-X#

I. INTRODUCTION

Soon after the discovery of C60, it was found that a Lan-
thanum atom could be trapped inside the fullerene cage,1

giving birth to the class of endohedral fullerenes. This pio-
neering work was followed by the trapping of other lan-
thanide atoms, as well as alkali, alkaline-earth metals and
actinide atoms,1,2 not only inside C60, but also inside other
fullerene cages, for instance, La@C82.

2 Encapsulation of
molecules3 and small metallic clusters—dimers and
trimers— has also been reported.4,5 Selective irradiation has
been proposed as a procedure for the formation of endohe-
dral fullerenes.6

Another interesting class of fullerene derivatives has been
recently synthesized: single metal or metallic compound mi-
crocrystals encapsulated inside giant graphitic structures.7–13

Those large cage structures can be obtained by producing an
arc discharge between two carbon electrodes.14 In this way, a
large variety of nanotubes and polyhedral carbon nanopar-
ticles frequently containing internal cavities have been
produced.8,14 These structures are so large that high-
resolution transmission electron microscopy is employed as a
method for their analysis. When the graphite rod electrodes
are drilled and packed with metal powder, the giant carbon
particles obtained in the arc discharge often contain large
metallic particles. A number of materials has been found to
encapsulate in the arc experiments, including noble metal
and transition-metal nanocrystals,7,9,10 transition-metal car-
bide and rare-earth carbide nanocrystals,7,8,10,11 and other
compounds like CaS.12 Exploitation of this technique for the
production of encapsulated magnetic particles has been the
chief interest of some workers15,16 because those carbon-
coated nanomagnets could have a wide range of applications.

Ugarte17 has found that high energy electron irradiation of
polyhedral graphitic particles with central cavities transforms
those particles into quasispherical onionlike structures with-
out the central cavity. When the same experiment was re-
peated with polyhedral fullerenes encapsulating gold par-
ticles, the gold particle migrated out of the graphitic cage

without fragmentation into atoms or smaller clusters.9 Apart
from the polyhedral fullerenes, carbon nanotubes have been
also produced in the arc-discharge experiments.18 These tu-
bules, which have widths as small as 1 nm and lengths up to
10 mm have interesting capillary behavior: molten Pb can
be drawn into nanotubes,19 yielding a nanowire shielded by a
protective carbon overlayer. The examples listed confirm the
technological interest of metallic nanoparticles encapsulated
in large fullerene structures.

The theoretical study of endohedral fullerenes based on
ab initio20 or semiempirical21 methods has usually concen-
trated on the structural and electronic properties of single-
atom endohedrals in low order fullerenes with high symme-
try (Cn ,n,100). Also approximate methods designed for
large metal clusters like the spherical average pseudopoten-
tial ~SAPS! and jellium models have been applied to calcu-
late the ground state and the optical response ofA@C60 with
A5K, H, Xe, Ba, etc.,22 and C60 coated by a metal layer.23

In general, the calculations onA@C60 predict a charge
transfer between the endohedral atom and the host cage de-
pending on the relative values of ionization potentials and
electron affinities of the impurity atom and the cage and
hence acceptor (A2@C60

1) or donor (A1@C60
2) endohe-

drals are formed. A common result is the prediction of com-
plete charge transfer from the impurity to the lowest occu-
pied molecular orbital~LUMO! of the cage in the case of
donor systemsA1@C60

2. Additionally, a uniform down-
ward shift of the levels of C60 is obtained as a consequence,
for example, in La@C60, where two or three valence elec-
trons of La are transferred to the LUMO.24 Thermodynamic
calculations under the assumption of complete ionic bonding
using the ionization potential of the atoms and the affinity of
C60 predict the stabilities and oxidation states of alkali-metal
atoms among others of the Periodic Table.25 Many authors
have stressed the potential applications of pure and doped
fullerenes. For example, it has been speculated that the sub-
stitution of C60 by the endohedralA@C60, with A an alkali
atom, could cause the solid to exhibit superconductivity,26 as
was the case for extrinsic intercalation of the C60 crystal.
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Polar molecule endohedrals could also show a permanent
electric dipole moment and ferroelectricity.

In this work, we consider Na clusters containing up to 30
atoms encaged inside C240. We use the density functional
theory ~DFT! ~Refs. 27,28! in conjunction with the SAPS
model29 to study the bonding properties as a function of the
size of the Na cluster. A similar approach was applied to
study the electronic and structural properties of pure and
doped metallic clusters,29,30 giant fullerenes (Cn , n>240)
~Ref. 31! and potassium and hydrogen endohedrals in
C60.

22 We first give a brief sketch of the model and compu-
tational method, which are presented in Sec. II. The results
are presented in Sec. III, which is divided in two parts. In the
first part, we describe the results for rigid Na clusters inside
the fullerene C240. This allows us to describe the trends in
the electronic structure while, in the second part, we present
the results obtained by allowing for the relaxation of the Na
atoms. In both cases, the C240 fullerene is assumed unde-
formable, that is, the carbon atom positions are always held
fixed. Finally, the concluding remarks are presented in Sec.
IV.

II. MODEL

For a given cluster geometry characterized by the set of
ionic positions$Rj‰, the ground-state energy is obtained by
minimization of the energy density funcional:27,28

E@r#5Ts@r#1
1

2E E r~r !r~r 8!

ur2r 8u
drdr 81E r~r !Vions~r !dr

1Exc@r#1
1

2(
jÞ j 8

U~ uRj2Rj8u!, ~1!

where the first term stands for the independent-particle ki-
netic energy, the second is the classical electrostatic energy
of the electrons, the third term is the electron-ion interaction,
the fourth term includes the exchange and correlation ener-
gies, and the last one takes account of the ion-ion repulsion
energy. Atomic units are used through this paper unless oth-
erwise stated. The variation ofE@r#, with respect to the
electronic densityr(r ), leads directly to the Kohn-Sham28

equations

F2
¹2

2
1Veff~r !Gc i~r !5« ic i~r !, ~2!

for the single-electron orbitalsc i(r ). These equations are
solved self-consistently for the valence electrons moving in
the effective potentialVeff . The electronic densityr(r ) is
obtained from the occupied single-particle orbitals:

r~r !5(
i51

occ

uc i~r !u2. ~3!

The self-consistent effective potential is given by

Veff~r !5VH~r !1Vxc
LDA~r !1Vions~r !, ~4!

where the three terms on the right-hand side stand for the
Hartree contribution, the exchange-correlation potential in
the local density aproximation~LDA !, and the external po-
tential due to the ion cores, respectively. The approximation

of Gunnarsson and Lundqvist was used forVxc
LDA(r ) ~Ref.

32!. The potential of each ion is modeled by an empty-core
pseudopotential,33 where the attraction of the valence elec-
trons by the ion is purely Coulombic outside a sphere of
radiusr c ~the empty-core radius! and zero inside. Thus, the
total potential at some pointr of the cluster, due to ions at
positions$Rj‰, is

Vions~r !5(
j
V~ ur2Rj u!. ~5!

This is a complicated three-dimensional potential. The prob-
lem can be reduced to a system of interacting electrons mov-
ing in an external potential well with spherical symmetry by
using the SAPS model,29 that is replacingVions(r … by its
spherical average around the cluster center~in our case, the
center of symmetry of C240):

Vions~r !→Vions
SAPS~ ur u!. ~6!

Then, the process of integrating the Eqs.~2!–~4! is a much
easier one. The last term in Eq.~1! represents the repulsion
between pointlike ionic charges, placed at the positions
$Rj‰. This term is, of course, sensitive to the actual three-
dimensional geometry of the cluster.

An additional approximation has been considered for the
carbon atoms. As we explained above, the Eqs.~2!–~4! are
self-consistently solved under the assumption of spherical
symmetry for the external potential. On the other hand, it is
well known that the high stability of the fullerenes is due to
three of the four valence electrons of the carbon atoms,
which form strong directionals bonds with the three neigh-
bor atoms, while the last electron forms weakerp bonds,
which are delocalized over the fullerene cage. The delocal-
ized character ofp electrons plays a special role in the col-
lective optical excitations22 and also in the chemical behavior
of fullerenes interacting with impurities, similar to the inter-
actions taking place in intercalated atoms in graphite. In our
case, the interaction with the endohedral cluster again in-
volves only thep electrons. Then we consider the carbon
atoms as monovalent and with an ionic pseudopotential char-
acterized by an empty core radiusr c50.21 a.u., obtained by
fitting the first ionization potential of the free atom to experi-
ment. In a similar way, the fitted core radius of the Na
pseudopotential takes a value 1.74 a.u., which is greater than
the core radius of the C atom, so that Na atoms are less
attractive for the electrons than C atoms~a higher core radius
gives a larger volume where the attractive potential is can-
celed!, consistent with the higher ionization potential of C.

III. RESULTS

We divide our study of endohedral NaN clusters in two
steps. In the first step, the atomic structure of the NaN cluster
inside C240 is assumed the same as in the free NaN cluster.
For this reason it is useful to consider previously the elec-
tronic and atomic structures of isolated C240 and NaN clus-
ters. In a second step, the NaN cluster will be relaxed to
reach its equilibrium configuration inside therigid fullerene.
Comparison of the electronic structure and energies in the
two situations~relaxed and unrelaxed endohedral! allows us
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to understand the changes induced by the interaction with the
enclosing cage.

The ground-state geometries of free NaN clusters have
been previously obtained within the same formalism.29 One
of the main results of those calculations is the development
of atomic shells~layers!: for small N, most of the atoms
form a single atomic shell and, as the cluster grows, atoms
begin to occupy the inner region inside this shell. More pre-
cisely, for N between 9 and 19 there is one single atom
inside the cluster, all the rest forming the surface. From
N5 20 and up to 30 atoms, the cluster can be viewed as
formed by two atomic shells, and the inner one has a popu-
lation ranging from 2 to 5 atoms. It is also well known that
NaN clusters withN52, 8, 18, and 20, are specially stable,
due to the closing of electronic shells. The DFT-SAPS
calculation29 gives results in agreement with the observed
enhanced abundance of such clusters in the experimental
mass spectra.34

Turning to C240, we model this fullerene by a spherical
cage where the carbon atoms are distributed in a similar way
as in the corresponding truncated-icosahedron fullerene; each
carbon atom is placed on the vertices of slightly distorted
pentagonal and hexagonal rings distributed on a spherical
hollow cage with radiusR513.46 a.u. This value has
been taken fromab initio DFT calculations,35 which show
that the spherical shape is the most stable geometry adopted
by giant fullerenes. The self-consistent electronic charge
is confined to a rather thin spherical shell.31 The electronic
structure of C240 in the SAPS model is
1s21p61d101 f 141g181h221i 261 j 301k341l 381m40 ~the occupa-
tion of the shells are given as superscripts!,31 and corre-
sponds to the filling of shells up to a maximum angular mo-
mentum equal to 10. The orbitals have principal quantum
numbern51, that is, those are orbitals without nodes. The
uppermost electronic shell of C240 can be completed with
two additional electrons, in which case the fullerene becomes
a more stable ionized species. The SAPS calculation of the
electron affinity, defined asA~C240)5E(C240)2E(C240

2),
gives the valueA(C240)53.81 eV. On the other hand, NaN
clusters can donate electrons easily, because of their small
ionization potentials. For this reason, we can expect that one
or more electrons will be transferred from the NaN cluster to
the fullerene cage.

A. Unrelaxed NaN@C240

We begin the study of the interaction between the endohe-
dral clusters and the cage by using an approximation in
which both the Na and C atoms are frozen at the same posi-
tions as they have in the pure NaN clusters and the C240
fullerene, respectively. The endohedral NaN is placed such
that its center of mass coincides with the center of C240 and
the pseudopotentialVions(r … is spherically averaged around
this point. Figure 1 shows Na13@C240as an example. We do
not consider off-center endohedrals, because our spherically
averaging procedure is not adequate for such a situation, al-
though for the smaller sizes it is plausible that the binding to
the cage may increase in an off-center position. The elec-
tronic structure is independent on the relative orientation of
the endohedral NaN cluster and the fullerene, due to the
spherical averaging of the ionic potential in the SAPS model,

but this is not the case for the energy of the system, which
contains an ionic-repulsion contribution, which depends on
the precise positions of the ions. Optimal orientations will
result from the relaxation process, along with relaxed radial
distributions of the Na atoms. We postpone the discussion of
the binding energy until Sec. III B and restrict the discussion
here to the electronic structure for the unrelaxed case.

The electronic structure of C240 was described above. In
the self-consistent calculation for NaN@C240, electronic
shells appear with orbitals having one node (2s, 2p, 2d, and
2 f ) or two nodes (3s). The effective potentialVeff and the
calculated one-electron energies of the occupied shells are
plotted in Figs. 2 and 3 for NaN@C240 with N54 and 20,
respectively. The orbital energies are represented by horizon-
tal lines. The different shells can be identified from the elec-
tronic configurations given on the bottom part of the figures.

FIG. 1. Structure of the rigid Na13 cluster encaged by the
spherical fullerene C240. The big and small circles denote Na and C
atoms, respectively.

FIG. 2. Total electron densityr(r ) and partial contributions
from the uppermost levels of Na4@C240. The effective potential
Veff(r ) and the occupied energy levels~drawn as horizontal lines!
are shown on the lower part. The electronic configuration of the
system is given at the bottom.
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The total electron density is also plotted as well as some
partial electron densities corresponding to the occupied lev-
els near the highest occupied molecular orbital~HOMO!;
these partial densities are relevant for discussing the bonding
between the endohedral and the cage. The radius of C240 is
R513.46 a.u. whereas the most external atomic layers of
those two Na clusters have radii equal to 3.95 and 8.0 a.u.,
respectively. The effective potential of Na4@C240 is formed
by two potential wells corresponding to Na4 and C240, re-
spectively, separated by a potential barrier. Focusing on the
outermost occupied shells, the 2s orbitals are localized on
the inner region, whereas the 1k, 1l , and 1m orbitals are
localized on the region corresponding to C240. The 1m or-
bital, which is the HOMO of the whole system, is filled with
42 electrons. This indicates that two electrons are transferred
from the p shell of the Na4 cluster to the cage, and this
results in closed-shell configurations for both the endohedral,
Na4

21 , and the cage C240
22. The ionic picture is a good

description, because the electrons are well localized on either
side of the potential barrier.

In Na20@C240 there is again a nominal transfer of two
electrons from the endohedral to the cage. However, the
2p, 1m, and 2d shells have orbital eigenvalues above the
maximum of the barrier~and that of the 1l shell is nearly
equal to the barrier maximum!. These orbitals overlap, giv-
ing rise to a covalent contribution. The conclusion from Figs.
2 and 3 is that, as the size of the NaN endohedral increases,
the binding changes gradually from purely ionic~at small
N) towards a mixture of ionic and covalent bonding.

A full view of the evolution of the energy eigenvalues
corresponding to the electronic shells near the HOMO is
given in Fig. 4. Up toN522, two electrons are transferred to
the cage, except for theN values marked by the circles,
where only one electron is transferred. AtN523, the 1n
level of C240 begins to be filled with electrons coming from
the 2f level of the pure NaN cluster, whereas this 2f level
begins to be filled atN525 and the two levels 1n and 2f
become degenerate forN.25. The 2f orbital overlaps sub-
stantially with the cage orbitals. The largest size oscillation
in the orbital eigenvalues of Fig. 4 corresponds to the drop of
the 2s level betweenN53, in which the Na3 endohedral is
single ionized, andN54, in which Na4 is doubly ionized, so
this large drop is caused by the extra attractive force exerted

by the Na4
21 molecular ion on the 2s electrons. Similar

drops of the 2s and 2p eigenvalues betweenN59 and
N510 are hidded to some extent by the drop atN59, com-
ing from the geometrical stabilization of Na9 , due to the
presence of the ninth Na atom at the cluster center. On the
other hand, the perturbation by the endohedral cluster of the
energy levels associated with the cage consists of a small
uniform downward shift asN increases. The net shift be-
tweenN51 andN530 is about 0.3 eV and the slope of the
eigenvalue curves changes atN524.

A way to analyze the bonding is by considering the den-
sity difference:

Dr~r !5rs~r !2r~r !, ~7!

wherer(r ) stands for the calculated electron density of the
composite system NaN@C240, and rs(r ) is the reference
density obtained by superposition of the electron densities of
the separated components, NaN and C240. Figure 5 gives the

FIG. 3. Same as Fig. 2, but for Na20@C240. FIG. 4. One-electron Kohn-Sham eigenvalues of the rigid en-
dohedral NaN@C240as a function ofN. The open circles mean that
only one electron has been transferred to the 1m shell. All the other
clusters have a complete 1m shell with 42 electrons, and for the
larger sizes also the 1n shell has one or two electrons.

FIG. 5. Charge density differenceDr(r ) between the composite
system NaN@C240 and the superposition of the separated compo-
nents. The curves are identified by the numberN of Na atoms.
Positive values ofDr(r ) indicate charge depletion.
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behaviour of 4pr 2Dr(r ) for several values of N. This func-
tion shows oscillations that extend up to the external surface.
A positive value indicates charge depletion in that region.
The structure of all the curves is nearly the same: a region of
charge depletion in the inner part, corresponding to the loss
of charge by the Na endohedral, followed by a region of
charge accumulation. The charge accumulated on the carbon
cage is actually displaced a little towards the region between
the endohedral and the cage. This is revealing the partially
covalent nature of the bonding. Furthermore, there is also a
region of charge depletion on the outerpart of the cage; this
shows that also the cage orbitals are pushed a little towards
the endohedral to increase the covalent contribution to the
bonding. By integratingDr(r ) from r50 up to the edge of
the endohedral region whereDr(r )50 ~this edge occurs at
10–11 a.u.!, we can get an estimate for the charge lost by the
Na cluster. For instance, we find that the charges lost by
Na4 and Na10 are 1.96e and 1.71e, respectively, which is
consistent with our previous analysis of the electron configu-
rations. For other values ofN,10, an amount of charge very
close to one electron is transferred, which is reflected in the
smaller amplitudes of the density difference curves. The am-
plitude of the oscillations in the endohedral and bonding re-
gions is nearly constant forN510 – 22, but forN>23, the
amplitude increases progressively, reflecting the fact that
more than two electrons are transferred to the cage. When
N increases in the whole range of values studied, that is,
from N51 to N530, the charge depletion on the outer sur-
face of the fullerene becomes more and more important and
also contributes to an increasing amplitude ofDr(r ) in the
middle region, in particular, again, forN.20.

We induce from this analysis a predominantly ionic bond
reflected in the shell occupations and also in the charge den-
sity difference, with a partially covalent character coming
from the charge accumulated in the overlapping region. The
covalent contribution increases with the cluster size, and its
associated charge screens the ionic attraction between the
two ionized fragments.

B. Relaxed clusters

Next, we perform a steepest-descent relaxation of the
NaN cluster inside the cage starting from the geometries cor-
responding to the unrelaxed case. In this process, the carbon
atoms are held at the same positions they have in the isolated
C240 fullerene, and the center of mass of the relaxed
NaN group is maintained at the fullerene center. We expect
that the assumption of a rigid cage is a reasonable approxi-
mation, because of the strongs bonds between the carbon
atoms~this point is treated in more detail below!.

For the dimer, the Na-Na bond is stretched by 1 a.u. In
this case, one electron is transferred to the 1m shell of the
cage, just as in the unrelaxed case, and the repulsion between
the two Na1 ions, only partially screened by a single elec-
tron, is responsible for the increase in the Na-Na bond
length. We obtain, in general, cluster structures formed by
atomic shells similar to those of the free NaN clusters, al-
though with expanded radii. Figure 6 shows the mean radius
of the outer shell as a function ofN1/3. The outer shell radius
of the relaxed cluster is larger than in the free clusters and
the maximum expansion occurs aroundN513, for which the

relaxed and unrelaxed radii differ by 2.2 a.u. This expansion
arises from two effects. One is the ionicity of the endohedral,
already discussed for Na2 . The second effect is that by ex-
panding the radius of the endohedral, the outer orbitals over-
lap more effectively with those of the cage, optimizing the
covalent contribution to the bonding. BetweenN513 and
N530 the radius of the endohedral cluster increases slightly
and soon reaches an almost constant value, in contrast with
the linear increase exhibited by the free NaN clusters. For the
largest sizes studied here,N>26, the expansion with respect
to the unrelaxed case is negligible.

Figure 7 shows the evolution of the Kohn-Sham single-
particle energy eigenvalues. There are some changes with
respect to the unrelaxed case~see Fig. 4!. Two regions can
be distinguished in this plot. The first is that ofN<26, where
the radius of the relaxed sodium cluster is larger than the
radius of the unrelaxed one. This is the region where differ-
ences in the eigenvalues occur. On the other hand, for
N.26, the electronic structure of the relaxed and unrelaxed
clusters with the sameN are very similar, due to the similar
radii. In the first region, the eigenvalues of the intrinsic cage
levels 1k, 1l , and 1m experience a uniform downward
shift. The net shift betweenN51 andN530 is about 0.3 eV,

FIG. 6. Mean radius of the external atomic shell of NaN clusters
versusN1/3 in the relaxed~circles! and unrelaxed~squares! cases.

FIG. 7. One-electron Kohn-Sham eigenvalues of NaN@C240 af-
ter relaxation of the endohedral.
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just as in the unrelaxed case, but the change of slope occurs
earlier, atN59210, and it reaches its saturation value of
0.3 eV atN'23. However, the important changes occur for
the eigenvalues associated to the endohedral orbitals. As a
consequence of the expansion of the sodium cluster, the or-
bitals are less bound than in the rigid case~with the excep-
tion of N5527). This effect is large. For instance, at
N513, the shift of the 2s eigenvalue reaches a maximum
value De(2s)52 eV, and for the same cluster
De(2p)51.4 eV. For largerN, the differences decrease and,
as mentioned above, forN.26 there are no shifts with re-
spect to the rigid cluster case. The upward shift of the eigen-
values corresponding to the endohedral orbitals can be un-
derstood simply as a volume effect. The volume of the
effective confining well increases by allowing for relaxation
of the positions of the Na atoms. If we think in terms of the
jellium model ~homogeneous ionic background! for the va-
lence electrons in a semi-infinite metal with a planar surface,
the binding energies of the electrons in the metal decrease
when the jellium density decreases~or the volume per atom
increases!, that is, when moving from Li to Cs along the
group of alkali metals. In particular, the binding energy of
the least bound electron, which is called the work function of
the metal, also decreases.36 A similar effect occurs for free
finite clustersAN with a commonN (A indicates an alkali
element!. Their measured ionization potentials, IP,34 which
are well represented by the function

IP5W1
3

8R
, ~8!

also decrease from Li to Cs clusters~with the sameN), be-
cause first of all the work functionW of the metal decreases
and, in addition, the finite size contribution 3/8R decreases
from Li N to CsN , because of the increasing cluster radius
R. In our case of NaN endohedrals, relaxation leads to a
lowering of the effective jellium density.

We notice some differences in the filling order of the
uppermost levels 2d, 3s, 1n, and 2f , with respect to the
rigid case, as a result of comparing Figs. 4 and 7. The gen-
eral trends of the charge transfer and theDr(r ) @Eq. ~7!# are
the same as in the rigid case, and the small differences do not
change our previous conclusions, so, here, we do not repeat
the analysis given before.

Let us consider now the binding energy between endohe-
dral and cage defined by

EB~N!5E~NaN!1E~C240!2E~NaN@C240!, ~9!

whereE~NaN) andE(C240) are the total ground-state ener-
gies of the free NaN and C240, andE(NaN@C240) is the
ground-state energy of the composite system after relaxation
of the endohedral. A positive value ofEB means that
Nan@C240 is stable against separation into its two compo-
nents NaN and C240. Figure 8 showsEB(N) as a function of
N. EB(N) increases withN up to N526. This increase is
characterized by some structure that will be discussed later.
Then atN526,EB reaches a maximum value of 23 eV, and
then decreases, reaching values of 18–19 eV for
N527230. From the analysis ofDr(r ), we can describe the
system as two effective charge distributions of different sign
~positive on the endohedral and negative on the cage!, plus a

screening charge in between. Then the binding energyEB
can be viewed as a sum of terms corresponding to successive
steps in the development of the bonding between the endohe-
dral and the cage. In a first step,q electrons are removed
from the endohedral with an energy cost equal to the sum
(qIP of the corresponding ionization potentials.q is equal to
1 or 2, except for the largest endohedrals, and its precise
value is only known, of course, after the self-consistent cal-
culation of the electronic structure of NaN@C240 has been
performed.(qIP depends onq and on the sizeN of the
endohedral. In the second step, the cage is charged with the
electrons extracted from NaN . This releases an energy equal
to the sum(qEA of the corresponding electron affinities of
C240. This sum depends only onq ~althoughq itself depends
onN). In the third step, the electrostatic interaction between
the cationic NaN

q1 and anionic C240
q2 fragments is turned

on. This interaction favors the bonding. In first approxima-
tion, that is neglecting charge overlap, the interaction only
depends onq, because the electrostatic potential of C240

q2

considered as a spherical layer of charge is constant inside
the cage. The sum of the energies associated to these first
three steps gives the ionic part of the binding between en-
dohedral and cage. Finally, in the fourth step, the electronic
charge density relaxes to build the bonding charge, aided by
the increase of the endohedral radius. This step gives rise to
the covalent contribution to the bonding.

The calculated vertical first ionization potential of NaN is
also given in Fig. 8~right-hand scale!. It takes values
roughly between 5.2 and 2.8 eV. The second ionization po-
tential is larger than the first one. The calculated first electron
affinity of C240 is 3.8 eV and the succesive ones are smaller.
In general, the sum(qIP2(qEA is a positive quantity
roughly decreasing withN although modulated by the shell
effects in IP. Adding the electrostatic contribution between
the unrelaxed charged fragments stabilizes the system. How-
ever, this stabilizing contribution only depends onq, so it is
a constant in regions ofN characterized by the sameq. In
summary, the ionic part of the binding energy, which is ob-
tained by adding the energies associated with the first three
steps and then changing the sign of the resulting negative
quantity, does not have the behavior displayed byEB in Fig.
8. In the case of a single-atom endohedral, our estimation of
the ionic part of the binding energy obtained from the first

FIG. 8. Binding energy between the endohedral cluster and the
cage, and first ionization potential of the free NaN cluster versus
N.
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three steps is 0.7 eV, which is rather close to the exact bind-
ing energy, 0.54 eV, obtained from Eq.~10!. In this simple
case, the comparison of energies that we have performed is
valid, because there is not covalent bonding between the
Na1 ion and the C240

2 cage.
The increase of the binding energy betweenN51 and

N526 is not uniform.EB is small, close to 0.5 eV, for
N51 and 2. Then it jumps to'2 eV and takes a nearly
constant value betweenN53 andN58. A drastic change in
the behavior ofEB further occurs atN58. EB increases al-
most uniformly betweenN58 andN526, suggesting that a
different ingredient is operating, which was missing for
N<8. Local dips are also identified in the binding energy at
N518 and 20. This interesting behavior can be explained if
we first consider the curve giving the vertical first ionization
potential of free NaN clusters, which has been plotted in the
same figure~right-hand scale!. IP is nearly constant between
N51 and 2. Then it drops by about 2 eV as a consequence
of the opening of thep shell, and its behavior is smooth
betweenN53 andN58. At this point thep shell is filled,
and the opening of thed shell atN59 is characterized by
another sharp drop of IP. Again, its behavior is smooth dur-
ing the filling of thed shell. Additional drops afterN518
and N520 correspond to the opening of new shells. The
drops of IP afterN52 andN58 correlate with sharp in-
creases ofEB , and the constancy ofEB in the region
N5328 correlates with the smooth behavior of IP. For
N<8, only one electron is transferred to the cage~except for
N54, in which case two electrons are transferred!. The close
correlation between the behavior of IP andEB in this region
indicates that the bonding between the endohedral and the
cage is purely ionic; although the first three steps in the
model given above contribute to the value ofEB , the varia-
tions are controlled by IP~first step!, since the second and
third steps contribute a nearly constant value. Confirmation
that the bonding is purely ionic forN<8 is obtained from
the calculated binding energies of the unrelaxed endohedral
defined as in Eq.~10!, but using forE(NaN@C240) the en-
ergy in the unrelaxed situation. We have found that the bind-
ing energies are practically the same in spite of the fact that
some volume relaxation occurs~see Fig. 6!. Relaxation
would affect the covalent contribution toEB if this covalent
contribution existed. The initial sharp increase ofEB be-
tweenN58 andN59, in Fig. 8 is again motivated by the
sharp decrease of IP. However,EB increases steadily after
N.9, so a different ingredient is operating in this case. The
ingredient is the overlap between the orbitals of the posi-
tively charged endohedral and those of the negatively
charged cage. This overlap is evident in the partial density
plots ~compare, for instance, Figs. 3 and 2!. In addition, the
binding energy is now sensitive to the atomic relaxation of
the endohedral. Although the binding energy of the unre-
laxed endohedral also increases withN, it reaches values
lower than those for the relaxed case. Atomic relaxation
leads to an increase of the endohedral radius and thus to a
larger orbital overlap, that is, to a larger covalent contribu-
tion to the binding. The sharp increase ofEB afterN518 and
N520 originates from the decrease of IP due to the opening
of new electronic shells.

Finally, the decrease ofEB afterN526 occurs from vol-
ume saturation. Figure 6 shows that the volume of the en-
dohedral cluster has reached a constantmaximumvalue. Fur-
ther increase in the number of Na atoms conserving the total
cage volume leads to a compressed endohedral, with an elas-
tic energy cost that decreases the binding. The behavior of
EB in this region could change a little if we allow for struc-
tural relaxation of the cage. This would require the explicit
consideration of thes bonds, which is outside our model.
Those bonds are, however, stiff, and we do not expect that
much relaxation of the cage can occur. Rather, the cage
would break in pieces if the endohedral is too large.

In order to substantiate the validity of our approximation
of neglecting the C240 relaxation in cases when the endohe-
dral f i ts well inside the cage, we have plotted in Fig. 9 the
energy change upon compression or expansion of a free
Na13 cluster, using the SAPS method, and that of the
C240 fullerene, using in this case a Tersoff potential37 to
describe the C-C interaction.38 The very different compress-
ibility of the two systems is evident. C240 will not relax,
because the destabilization of the cage upon compression
towards the endohedral is not overcomed by the gaining in
covalent binding energy.

In Sec. III A we pointed out that the numberq of elec-
trons transferred to the cage increases withN. This is 1 or
2 for N<9 ~there are some differences between the unre-
laxed and relaxed endohedrals in this region!. Then q re-
mains equal to 2 untilN521, and for larger values ofN,
q increases even further. The reason for this behavior is that
the first, second, . . . ionization potentials decrease withN ~of
course, this overall decrease is modulated by the shell ef-
fects! and it then becomes easier to remove more electrons
from the cluster whenN increases.

IV. SUMMARY

We have studied the electronic structure and the binding
between an endohedral NaN cluster and the C240 cage as a
function ofN. The C240 cage is assumed undeformed inde-
pendently of the size of the endohedral. For all sizes of the

FIG. 9. Energy change versus the change in the cluster radius,
relative to the equilibrium values, forNa13 and C240. The energies
of theNa13 cluster were calculated by the SAPS method, and the
Tersoff interaction potential was used for the fullerene.
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endohedral, this transfers one or more electrons to the cage.
For smallN ~say,N<8), the bonding is purely ionic. In this
case, the binding between the endohedral and cage can be
estimated from three contributions: the first is the ionization
potential~or the sum of the first two ionization potentials! of
NaN , the electron affinity of C240 ~or the sum of the first two
affinities!, and the interaction between a point charge repre-
senting the NaN

q1 endohedral and a shell of negative charge
representing the cage. For larger endohedrals, a covalent
contribution to the binding energy has to be added to the
ionic one. This covalent contribution is large and increases
with N. Furthermore, it is enhanced by the relaxation of the
atomic structure of the endohedral, which produces an ex-

pansion of its radius. Finally, the binding energy reaches
saturation atN526, and then decreases forN.26, because
the endohedral cluster becomes too large compared to the
cage volume.
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