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We investigate the thermoelectric energy conversion 

efficiency of Si and Ge core-shell nanowires and show how 

the presence of a thin Ge shell in a Si core nano-wire 

increases the overall figure of merit as a function of 

temperature. We find the optimal thickness of the Ge shell 

in terms of providing the largest figure-of-merit of the 

devices. 
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ABSTRACT 

We investigate the thermoelectric energy conversion efficiency of Si and Ge 

nanowires. In particular, we consider Si/Ge core-shell nanowires. We show how 

the presence of a thin Ge shell in a Si core nano-wire increases the overall figure 

of merit. We find the optimal thickness of the Ge shell in terms of providing the 

largest figure-of-merit of the devices. We consider also Ge core/Si shell 

nanowires and we show that there is not an optimal thickness of the shell, since 

the figure-of-merit is a monotonously decreasing function of the radius of the 

nano-wire. Finally, we verify the empirical law that relates the electron energy 

gap to the optimal working temperature, the one maximising the efficiency of 

the device.  

 

 

 

 

 

 

 
 

Thermoelectricity is the ability of a material of 

converting a thermal gradient into an electrical 

current [1–5]. One of the main advantages of this 

energy conversion mechanism is that since it does 

not involve any moving parts, the devices can have a 

very long lifespan. Moreover, it can find applications 

in extreme conditions where other methods are not 

suitable, e.g., in spacecraft where normal batteries 

will not be able to provide energy for sufficient time 

and they are too heavy, or for portable energy 

production. The efficiency of the thermoelectric 

energy conversion is related to the so-called 

figure-of-merit. This number is defined in terms of 

the microscopic quantities of the devices, i.e., 𝐙𝐓 =

𝐒𝟐𝛔𝐓/𝛋𝐞𝐩  where 𝐒 is the Seebeck-coefficient, 𝛔 the 

electrical conductance, 𝛋𝐞𝐩 the thermal conductance, 

which includes the electronic and crystal 

contributions, and 𝐓 the operating temperature. In 

the linear regime, i.e., when the applied gradient and 

the currents are not too large, the figure-of-merit 

determines the efficiency of the device: 𝛈 =
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𝛈𝟎(√𝐙𝐓 + 𝟏 − 𝟏)/(√𝐙𝐓 + 𝟏 + 𝐓</𝐓>)  where 𝛈  is the 

efficiency and 𝛈𝟎 = (𝐓> − 𝐓<)/𝐓> is the efficiency of 

the Carnot ideal cycle. Here, 𝐓> is the temperature 

of the hot junction, while 𝐓< is the temperature of 

the cool junction. Typical values for 𝐙𝐓  in actual 

devices are around 1, while for technological 

applications we need to have 𝐙𝐓 at least between 2 

and 3 [6,7]. The state-of-the-art in material synthesis 

and characterisation is already at these values, for 

example in SnSe crystals [8] at a proper temperature 

(923 K), but it remains to be seen how efficiently 

these devices can be integrated within our actual 

technology.  

While bulk silicon is a poor thermoelectric material, it 

has been proposed at large in the past, that 

nano-structuring could possibly increase the 

figure-of-merit of this material [9–19]. One of the 

ideas behind nano-structuring is the decoupling of 

the degrees of freedom that carry the electrical 

current and those that carry the thermal current. 

Indeed, in a semiconducting nano-structure at room 

temperature, the electronic contribution to the 

thermal current can be neglected with respect to the 

vibrational contribution. In this way, confining or 

disrupting the lattice vibrations could lead to a 

reduction of the thermal conductance without a 

corresponding degradation of the electronic 

conductance. In this respect, Si nano-wires (NWs) 

have since long been studied as possible 

thermoelectric devices. In the attempt to improve the 

overall figure-of-merit, here we investigate how 

coating the Si NW with some germanium shells can 

influence 𝐙𝐓. Indeed, we expect the presence of the 

Ge shell to introduce an interface along the wire thus 

reducing the transport efficiency of some of the 

vibrational modes. More precisely, we will see in the 

following that the presence of a thin Ge shell reduces 

the rate of growth of the phonon thermal 

conductance with the radius of the nanowire, thus 

leading to an optimal figure-of-merit. Similar 

considerations can be made for other nano-scale 

systems, like for example, InP/InAs NWs which have 

shown large electron mobility [20] and promising 

thermoelectric features [21]. For our idea to work, 

however, one should be able to produce a NW with a 

core of InP and a shell of InAs, a configuration that, 

at the best of our knowledge, has not been 

investigated. Moreover, we do not know if the 

figure-of-merit of InAs does show the features of the 

Ge nano-wires, namely a peak for a small number of 

layers. We also consider the case in which the shell is 

a disordered alloy of Si and Ge. We show that coating 

with such an alloy the overall figure-of-merit also 

increases. We finally show that there is an optimal 

shell depth after which the presence of the interface 

is not beneficial anymore. This can be understood as 

follows: the presence of a thin Ge shell reduces 

partially the phonon modes having a propagation 

component along the radius of the NW. However, if 

the shell is thick we have phonon modes fully 

localized in the shell, which thus increase the thermal 

conductance and reduce 𝐙𝐓. 

We performed first-principle density-functional 

theory calculations within the local density 

approximation by using the projector-augmented 

wave potentials as implemented in VASP (Vienna 

Ab-initio Simulation Package) [22]. The exchange 

correlation energy is chosen in the form of 

Ceperley-Alder which has been parameterised by 

Perdew and Zunger [23,24]. For the self-consistent 

potential and the total energy calculations, the 

𝐤-points of the first Brillouin-zone are sampled by a 

(15x1x1) Monkhorst-Pack grids. The kinetic energy 

cut-off for the plane wave basis set is chosen as 300 

eV. We use a plane-wave representation for the 

wave-function which is most efficient with periodic 

boundary conditions. To avoid spurious interaction 

between the replicas of the NW introduced by the 

periodic boundary conditions, we have included a 

vacuum gap larger than 13 Å  in our cell. We have 

therefore relaxed the ionic position by minimising 

the forces and the total energy. After ionic relaxation, 

the force acting on each atom is smaller than 0.02 

eV/Å . We have therefore calculated the electron and 

phonon energy bands, the latter to verify the stability 

of the NW after minimisation. Based on the electron 

bands, we calculate the carrier transport coefficients 

via Landauer theory in the linear response regime. 

Further details about these techniques can be found 

elsewhere [25-27]. The results we will present in the 

following based on these approximations are in good 

agreement with the experiment (see below). As for 

the lattice thermal conductance, on the consideration 

of the efficiency of the calculations we utilised the 

Green’s function to calculate the phonon 

transmission probability and then the phonon 
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thermal conductance based on the Keating potential 

[28–33]. This semi-empirical potential has been 

widely used in the SiGe systems [34,35] and proved 

to provide a very good fit to the phonon dispersions 

[36-38]. 

The geometrical structure of a (111) grown SiGe 

core-shell NW within a ball-stick representation can 

be seen in Fig. 1: (a) it shows the clean Si or Ge 

core-shell NW, where we have either Si in the core 

and Ge in the shell, or vice-versa, Ge in the core and 

Si in the shell, and (b) it shows a NW with clean Si- 

or Ge-core but disordered shell where Si and Ge are 

randomly distributed. The yellow and green could 

represent the Si or Ge atoms accordingly to build 

either Ge-core/Si-shell or Si-core/Ge shell NWs, 

respectively. The small grey balls on the NW surface 

represent the hydrogen atoms used to passivate the 

unsaturated atomic-bonds. To denote the thickness of 

the NW, we introduce the parameters 𝐍𝐂  (𝐍′𝐂 ) to 

label the number of atomic layers in the Si-core 

(Ge-core) and 𝐍𝐒 (𝐍′𝐒) those in the Ge-shell (Si-shell). 

In the following we will adopt the notation of 

indicating the core atomic component before the shell 

component. Therefore a Si/Ge NW, is a nanowire 

with Si in the core and Ge in the shell. Analogously, a 

Si/SiGe NW has a core Si and as shell an alloy of Si 

and Ge. To calculate the electronic energy band, we 

first relax the structures by using density functional 

theory according to the methodology we have 

described above. The lattice constants for the (111) 

nanowires we obtained are 9.308 Å  for Si NWs, 

9.692 Å  for Ge NWs, 9.4 Å  for Si/Ge NWs and 9.6 Å  

for Ge/Si NWs, respectively. These constants do 

depend slightly on the diameter, and are in 

agreement with that of the previous work [39]. On 

the other hand, also the atomic distances between the 

Si and Ge atoms depend on the diameter. For 

example, considering the clean Si/Ge nanowires, after 

the complete ionic relaxation, we have an average 

Si-Si distance for the smallest NW of 2.33 Å , while for 

the largest we can consider the distance increases to 

2.36 Å . Similar differences are observed for the other 

distances (Si-Ge and Ge-Ge) and other NWs. The 

diameter of the nanowires we consider in the 

following are in a quite small range, between 1 to 5 

nm, varying with the number of layers in the core 

and in the shell. 

 

Figure 1: Schematic illustrations of (a) clean SiGe core-shell 

NW (top view) and (b) clean Si- or Ge-core but disordered 

SiGe-shell NW (tilted view), grown in the (111) direction. The 

yellow and green colors could represent either Si or Ge atoms. 

The grey atoms are hydrogen atoms used to saturate the dangling 

atomic bonds at the surface. We have used 𝑁𝐶 (or 𝑁′𝐶) and 𝑁𝑆 

(or 𝑁′𝑆 ) to indicate the thickness of core and shell layers, 

respectively, where for this particular case we have set 𝑁𝐶 =

𝑁𝑆 = 3. 

Let us start with exploring the thermoelectric 

properties of clean Si/Ge and Ge/Si NWs where Si 

and Ge atoms are arranged in a quasi-crystalline 

structure. Our results for the thermoelectric 

figure-of-merit 𝑍𝑇 at room temperature are shown 

in Figure 2. 

Figure 2 Thermoelectric figure-of-merit as a function of the 

number of atomic layers in the shell, 𝑁𝑆 for (a) clean Si/Ge and 

𝑁′𝑆 for (b) clean Ge/Si NWs with different core size 𝑁𝐶 and 

𝑁′𝐶, respectively. 

It can be seen that the figure-of-merit of the Si/Ge 

NWs increases initially and then decreases rapidly 

with the number of layers, 𝑁𝑆 of the external shell. 

More interestingly, for these NWs the maximum 𝑍𝑇 

always appears at 𝑁𝑆 = 3  whatever the 𝑁𝐶 . The 
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presence of the interface between the core and the 

shell localises some of the vibrational modes thus 

reducing the growth rate of the total thermal 

conductance.  

Table 1 Electrical and thermal transport coefficients at the 

chemical potential for optimal ZT of the clean Si/Ge NWs with 

NC = 3  for NS  between 1 and 5. The total thermal 

conductance is κep = κp + κe. 

On the other hand, the larger total cross section 

improves the electrical conductance bringing about 

an optimal figure-of-merit. For NS > 3, however, the 

growth of the thermal conductance dominates again 

and the figure-of-merit is reduced. This behaviour 

is in striking contrast with that of the 

figure-of-merit of Ge/Si NWs, which decreases 

monotonously with increasing the number of layers 

in the external shell. Evidently, in this system 

coating with a lighter material is not sufficient to 

hamper the phonon mode growth. The largest 

figure-of-merits for Si/Ge and Ge/Si NWs are 1.117 

at NS = 3 and 1.582 at N′S = 1, respectively. These 

values are much higher than that of pure Si and Ge 

NWs, where we have obtained ZT = 0.76 for Si NW 

and ZT = 0.98 for Ge NW, at T=300 K, and with 

diameter 1.05 nm and 1.49 nm, respectively.  

 

To understand the origin of the peaks of the ZT 

with the number of shell atoms, in Figure 3, we plot 

the figure-of-merit for clean Si (a) and Ge (b) NWs 

as a function of the number of layers in their cross 

section. It is clearly seen there that ZT peaks for the 

Ge NWs at 3 layers. This explains why in Si/Ge 

NWs we observe a peak of the figure-of-merit for 3 

layers in the shell. An analysis of the transport 

coefficients (not reported here, but similar to those 

reported in Table 1) reveals that this increase is due 

to the rapid increase in the electrical conductance at 

N′S = 3 that outweighs the increase in the thermal 

conductance. At larger radii the thermal 

conductance dominates and ZT dips. At the same 

time, we do not observe any such behaviour in the 

Si NWs. 

 

Figure 3 The figure of merit of clean Si (a) and Ge (b) NWs as a 

function of the number of layers in the cross section of the NW. 

We clearly see that 𝑍𝑇 for Ge Nws peaks at about 3 layers, 

similarly to what happens for the Si/Ge NWs. 

With increasing the number of atoms in the core, 

the figure-of-merit generally decreases. This is due 

to the increase of the phonon thermal conductance, 

which outweighs the increase in the electrical 

conductance. Our results suggest that the best 

Si-based NW for thermoelectric application has a Si 

core covered by a thin layer of Ge. 

The thermoelectric behaviour of Si/Ge and Ge/Si 

NWs can be understood looking at their electron 

and phonon transport properties. We report them in 

Table 1 for the case of a clean Si/Ge NW with core 

radius NC = 3. For the other cases we get a similar 

behaviour of the transport coefficients. It can be 

seen from Table 1 that the electrical conductance σ 

for Si/Ge NWs increases very quickly with the 

radius NS  to reach a maximum value for NS = 4, 

while the Seebeck-coefficient does not show large 

variation oscillating around the value of 0.21 mV/K. 

Looking at the thermal transport coefficients, we 

NS ZT 

σ  

(10−4 S) 

S 

(mV/K) 

κe  

(nW/K) 

κp  

(nW/K) 

1 0.534 0.484 -0.21 0.145 1.06 

2 0.58 0.588 -0.217 0.126 1.305 

3 0.613 0.789 -0.2175 0.187 1.639 

4 0.51 0.857 -0.216 0.201 2.14 

5 0.364 0.83 -0.209 0.179 2.807 
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can see that the phonon thermal conductance κp 

keeps increasing with the number of shell layers 

due to the increased number of phonon modes 

which contribute to the energy transport.  

The electrical thermal conductance κe  shows a 

non-monotonic behaviour, but in any case its value 

is about 10 times smaller than the phonon thermal 

conductance. It is important to point out that κe 

depends strongly on the value of the chemical 

potential μ . Here, we select the value that 

maximises the figure-of-merit ZT. It is clear that in 

this system, for small diameters the 

Wiedemann-Franz law is not fulfilled. On the one 

hand, this law is a phenomenological result that is 

mostly valid for metal. On the other hand, the 

origin of this discrepancy can be understood in the 

Landauer theory of transport [25, 26]. Indeed, in 

this theory, κe  is formed by two different 

contributions coming from different Lorentz 

integrals [25, 26]. For a metal the Seebeck 

coefficient is almost negligible and this 

expression simplifies leading to the 

Wiedemann-Franz law. For a semi-conductor the 

Seebeck coefficient is not small and we cannot 

expect a linear relation between the electrical and 

thermal conductance. Again is the competition 

between the rapid increase in the electrical 

conductance σ  and the reduced growth of κp 

that provides an optimal diameter for the shell in 

terms of the best figure-of-merit. By coating the NW 

with a thin layer of Ge, we have effectively reduced 

the rate of increasing of the thermal conductance 

with the NW radius. In the case of the Ge/Si NW, 

the electrical conductance does not show the same 

increasing trend, while the thermal conductance 

increases fast with the number of Si layers in the 

shell, although these data are not reported here. 

Our numerical calculations are in very good 

agreement with the experimental results, where the 

measured Seebeck-coefficient at room temperature 

is about 0.22 mV/K for SiGe core-shell NWs [40-41]. 

Our calculated thermal conductance is in qualitative 

agreement with the experiment [35], where the 

diameter of the NWs is quite large in comparison to 

the NWs we can simulate. 

Experimentally, fabricating NWs is unavoidably 

accompanied by some impurities. Also, due to the 

fact that these devices are meant for applications at 

finite, large, temperature (around 500 K), we 

investigate the NWs with pure Si or Ge-core but 

disordered SiGe shell where Si and Ge atoms are 

randomly distributed. This might describe for 

example the diffusion of the atoms on the most 

external layer of the core into the layers of the shells, 

or some impurities present during the growing 

process. In this investigation, we have kept a 50/50 

stoichiometric ratio between the total number of Si 

and Ge atoms present in the unit cell. This means 

that for a Si/SiGe, the shell is richer in germanium, 

to compensate for the Si atoms in the core. To be 

accurate, we have performed the calculations of 

several different disordered geometrical structures 

by randomising the Si and Ge atoms in the shell 

structures. In any case, minimum 5 different 

structures have been calculated. We have then 

considered the average over the realisations of the 

random positions. We report the values of the 

thermoelectric figure-of-merit ZT  in Figure 4: In 

the figure the vertical bar at each point indicates the 

range of variation of ZT  with respect to the 

different realisation of the random structures. 
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Figure 4 Thermoelectric figure-of-merit as a function of 

number of layers in the shell NS for Si/disordered SiGe (a-c) 

and N′S for Ge/disordered SiGe (d-f) NWs at different core 

size NC and N′C, respectively. The vertical bars represent the 

range of variation of the figure-of-merit we have obtained from 

our calculations, and the solid lines represent the fitted curves 

[see Eq. (1)]. For each value of NS or N′S at least 5 different 

random structures have been calculated. 

It can be seen in Figure 4 that the figure-of-merit for 

Si-core NWs increases at the beginning with the 

number of shell layers, and then decreases with 

further increasing NS. Moreover, similarly to what 

happens in the clear Si/Ge NWs, there is always a 

peak of ZT  around NS = 3 , and this value is 

independent of the number of the Si-core layers in 

the NWs. For Ge/SiGe NWs, the ZT  decreases 

gradually and monotonously with increasing the 

number of shell layers in spite of the number of core 

layers. 

Our numerical calculations can give access merely 

to small radius NWs. With the ab-initio techniques 

we are using, we are limited to a maximum of 6 

layers in the core and 6 layers in the shell. To 

understand what the thermoelectric properties are 

at the larger NW diameters, we have fitted the 

calculated data for the figure-of-merit. We have 

chosen 

ZT = ZT0 + Ae
−2(

D−DC
W

)
2

, (1) 

where ZT0, A, W and DC  are then fitted against 

the available values of ZT. In Equation 1, D is the 

total diameter of the NWs, ZT0 will represent the 

limit of infinite diameter, W  is an effective 

diameter, DC an optimal NW diameter, and A the 

maximum amplitude of the figure-of-merit. 

The fitted parameters are shown in Table 2 for the 

Si-core and Ge-core/SiGe disordered NWs. The 

result of the fits allows us to determine for example 

the figure-of-merit ZT0 of the large-diameter NWs. 

For the Ge/SiGe disordered NWs, the parameters A, 

W, and DC are quite sensitive to the number of 

points we have calculated. At the moment, we do 

not have a microscopic model that could justify 

either Eq. (1) on a microscopic level. Investigation 

on this subject is currently underway and we will 

present our findings elsewhere.

 

 

 

 

 

 

Table 2 Fitted parameters of figure-of-merit ZT 

for both pure Si- and Ge-core with disordered 

SiGe shell NWs (see text of the explicit formula, 

Si/dis. SiGe ZT0 A W (nm) DC (nm) 

NC = 1 0.76±0.03 0.57±0.06 0.78±0.09 1.85±0.02 

NC = 2 0.79±0.03 0.25±0.05 0.43±0.09 2.46±0.06 

NC = 3 0.58±0.09 0.34±0.08 1.6±0.5 2.94±0.08 

Ge/dis. SiGe ZT0 A W (nm) DC (nm) 

N′C = 1 0.55±0.07 2.3±0.9 2.0±0.6 -0.4±0.5 

N′C = 2 0.47±0.03 0.5±1.4 1.5 ±2.0 1.2±2.8 

N′C = 3 0.498±0.004 0.4±0.2 1.2±0.4 1.7±0.5 
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Eq. 1). 

The results we have presented so far consider the 

case of having a global composition of 50 % Si and 

50 % Ge in the whole structure. This implies that 

the shell contains a larger concentration of the 

species not in the shell. We have also investigated 

other case and different concentrations. Our results 

are in general good agreement with the one we 

have reported. Namely, the figure-of-merit is 

increased by the presence of a thin shell. Moreover, 

a larger increase is achieved in the case of a Si core. 

We have reported the calculation for the 

figure-of-merit for an electron doped material or 

when the chemical potential is larger than the 

Fermi-energy. The figure-of-merit for holes, 

although for small diameter NWs can be larger than 

that for electrons, decays rapidly with increasing 

the diameter, for both Si- and Ge-core NWs. Finally, 

we have considered disorder at a compositional 

level and we did not include any surface roughness 

or vacancies. These studies are left for future works. 

We now turn out attention to the effect of 

temperature on the thermoelectric figure-of-merit of 

SiGe core-shell NWs. The results we have presented 

so far have been obtained at room temperature, 300 

K. Figures 5 (a) and (b) show the ZT as a function 

of temperature for both clean and shell disordered 

SiGe NWs, respectively. It can be seen that ZT 

shows a non-monotonic behaviour: There is an 

optimal working temperature TC for the maximum 

efficiency.1 When the temperature is below TC, ZT 

increases almost linearly and then it decreases 

when T > TC , a behaviour that has also been 

recently observed in experiment [42]. 

                                                        

1
Here we want to stress that TC  is a working temperature. 

Since we are working in the linear response regime, the 

temperature gradient is negligible with respect to almost any 

other energy scale. In particular, the gradient is much smaller 

than the working temperature. 

 

Figure 5 Thermoelectric figure-of-merit ZT as a function of 

temperature. (a) The ellipse and rectangle represent the ZT of 

clean Si/Ge NWs with NC = 5, NS = 3 and NC = 4, NS = 3; 

the hexagon and star represent the ZT of clean Ge/Si NWs 

with N′C = 5, N′S = 3 and N′C = 4, N′S = 3, respectively. 

(b) The hollow ellipse and rectangle represent the ZT of clean 

Si/disordered SiGe NWs with NC = 2, NS = 5 and NC = 1, 

NS = 5; the hollow hexagon and star represent the ZT of clean 

Ge/disordered SiGe NWs with N′C = 2, N′S = 5 and N′C =

1, N′S = 5, respectively. 

We attribute this behaviour to the bipolar effect. In 

the formulae for the electrical conductance, the 

electron thermal conductance and the 

Seebeck-coefficient, the derivative with respect to 

the energy of the Fermi-function f(E, μ, T), enters 

[26]. When the temperature is lower than TC, the 

region of energies for which this derivative is not 

exponentially small is far from the valence band, 

and the most effective contribution to ZT comes 

mainly from the electron carriers in the conduction 

band. With increasing the temperature, ∂f(E, μ, T)/

∂E  broadens gradually, and ZT  also increases. 

When T  is larger than TC , then ∂f(E, μ, T)/ ∂E 

extends into the valence band. In this case, also the 

holes will start to contribute to the transport. 

Because the electrical conductance equals to the 

integral of the transmission probability times 

− ∂f(E, μ, T)/ ∂E and G0 where G0 = 2e2/h is the 

quantum of electrical conductance, with e the 

electron charge and h  the Planck-constant (see 

Refs. [25,26]), σ  would increase further. On the 

other hand, the electrical thermal conductance κe 
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also increases, and the phonon thermal conductance 

κp  increases with T  due to the phonon modes 

thawing. However, the Seebeck-coefficient is given 

by 

S = −
2e

Thσ
∫ d

∞

−∞

E𝒯(E) ∂f(E, μ, T)/ ∂E (E − μ), (2) 

where 𝒯(E)  is the transmission probability at 

energy E. 

  

 Figure 6 The temperature dependence of the transport 

coefficients: (a) Electrical conductance σ , (b) Seebeck 

coefficient S , and (c) total thermal conductance κep  as a 

function of temperature. The inset in (c) shows the 

corresponding phonon thermal conductance κp . The curves 

with different symbols share the same structure parameters as 

Figure 5. 

It can be seen from this relation that if ∂f(E, μ, T)/

∂E extends into the valence band, the value of |S| 

is reduced since the integrand will have different 

signs around μ, thus reducing the power factor and 

the figure-of-merit. These results can be seen clearly 

in Figure 6. Therefore the bipolar effect leads to the 

overall decrease of the figure-of-merit. Accordingly, 

the maximum ZT happens at a critical temperature 

TC , when the electrons response to the thermal 

gradient is not effectively neutralised by the holes, 

yet. 

In Figure 6, we plot the electrical conductance σ, 

Seebeck-coefficient S , and thermal conductance 

κep. It can be seen that σ at low temperatures is 

almost constant and increases quickly when T >

1000 K. At the same time, the Seebeck-coefficient 

has a minimum at about 800-900 K. Indeed, for 

electrons, the minimum corresponds to a maximum 

for S2. In the case of thermal transport, we can see 

that the total thermal conductance κep  increases 

slowly at the beginning and then increases quickly 

for T > 1000 K. On the other hand, the phonon 

thermal conductance κp increases for small T, and 

then approaches almost a constant for T > 600 K. 

Therefore for large temperatures, the behaviour of 

κep is dominated  

In the range of temperatures we are considering 

here the Si/Ge and Ge/Si NWs are still stable against 

melting, since it has been predicted for them a 

melting temperature of about 2500 K (for Si NWs). 

At the best of our knowledge these results have not 

been confirmed by experience, yet. To understand 

which factors dictate the transition temperature TC 

in different systems, in Figure 7 we plot the band 

gap Eg  as a function of kBTC , where kB  is the 

Boltzmann-constant.  

We observe that for almost all the NWs we have 

considered here, there is a linear relation between 

Eg  and TC  [43]. We have therefore fitted Eg 

against, 
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Eg = α + βkBTC.              (3) 

The values of α and β from the fit can be found in 

Table 3.

 

 Si/Ge Ge/Si Si/disordered SiGe Ge/disordered SiGe 

α (eV) -0.28±0.07 -1.4±0.3 -0.39±0.04 -0.94±0.13 

β 10.9±0.6 17.2±2.7 13.2±0.4 17.0±1.2 

Table 3 Fitted parameters of linear relation between Eg and kBTC in Figure 7.

In Fig. 7, the red and black solid lines are the 

linearly fitted curves for Si-core/clean Ge-shell and 

disordered SiGe shell NWs, while the blue and 

green lines are the fitted curves for clean 

Ge-core/Si-shell and pure Ge-core/disordered SiGe 

shell NWs, respectively. Interestingly, we found that 

the value of the slope β is essentially determined 

by the chemical element in the core: We get β ≃ 11 

for Si core NWs, and β ≃ 17  for Ge-core NWs, 

independently of having a clean or disordered shell. 

This suggests an empirical method to determine the 

optimal working temperature for these NWs. It is 

sufficient to estimate or measure the electronic band 

gap, and then invert the linear relation Eq. (3) to 

obtain TC . As a rule of thumb, we found that 

kBTC ≃ Eg/11 for Si-core NWs (kBTC ≃ Eg/17 for 

Ge-core NWs), gives a good estimate of the optimal 

working temperature. In this way the 

thermoelectric enhancement due to the bipolar 

effect can thus be more easily realized in narrow 

band gap materials since there are many more 

carriers of both electrons and holes to contribute to 

the transport. This phenomenon was first observed 

in bismuth telluride [44]. Additionally we have also 

found that similar relations between the electronic 

band gap and the optimal working temperature for 

thermoelectric energy conversion, exist for other 

materials, like for example monolayer molybdenum 

disulfide, silicene and germanene nano-ribbons [27]. 

Figure 7 The electron energy band gap Eg versus kBTC for 

clean Si/Ge (rectangle) and Ge/Si NWs (star), Si/disordered 

SiGe (ellipse) and Ge/disordered SiGe NWs (hexagon). The red, 

blue, black and green lines are the linearly fitted curves. 

To summarize, we have investigated the 

thermoelectric efficiency of Si/Ge core-shell NWs and 

found that coating a NW with a Si core with a thin 

layer of an alloy of Si and Ge provides the highest 

figure-of-merit. This result is stable over the range of 

core diameters we have been able to investigate with 

the ab-initio technique for the electron and it should 

be possible for an experimental group to test this 

prediction. Also, we do not expect this enhancement 

of the figure-of-merit due to the coating to depend 

strongly on the growing direction of the NW. Finally, 

we have provided a simple rule-of-thumb to 

determine the optimal working temperature for the 

NWs we have investigated in this work, verifying the 

Goldsmid-Sharp’s formula. 
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